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Abstract 

Let G be a simple r-regular graph with n vertices and m vertices. We give 
the signless Laplacian characteristic polynomials of xyz-transformations G xyz 
of G in terms of n, m, r and the signless Laplacian spectrum of G. 

Keywords: regular graph, :ryz-transformation, signless Laplacian character- 
istic polynomial 



1 Introduction 

We consider simple graphs. Let G = (V, E) be a graph with vertex set V(G) and 
edge set E(G). 

Let V{G) = {vi, . . . ,v n }. The adjacency matrix A(G) of G is the (0, l)-matrix 
(a,ij) of order n where = 1 if v(0j G E(G), and = otherwise. The degree 
matrix D(G) of G is the (diagonal) matrix (dij) of order n where da is the degree 
of vertex Vi in G and d^ = for % ^ j. The matrix L(G) = D(G) — L(G) is the 
Laplacian matrix of G, and Q(G) = D(G) + A(G) is the signless Laplacian matrix of 
G. 
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The characteristic polynomials of A{G), L(G) and Q(G) are called the adjacency, 
Laplacian and signless Laplacian characteristic polynomials of G, respectively. The 
spectra of A(G), L(G) and Q(G) are called the adjacency, Laplacian and signless 
Laplacian spectra of G, respectively 

The complement G c of G is the graph with vertex set V(G C ) = V(G) and for any 
u, v G V(G) and u ^ v, uv G E(G C ) if and only if uv G" E{G) . 

Let G° be the empty graph with V(G°) = V(G), G 1 the complete graph with 
V(G l ) = V(G), G + = G, and G~ = G c . 

Let B{G) (B C (G)) be the graph with vertex set V(G) U E{G) such that ve is an 
edge in B(G) (resp., in B C (G)) if and only if v G V(G), e G E(G), and vertex v is 
incident (resp., not incident) to edge e in G. 

The line graph G l of G is the graph with vertex set E(G) and two vertices are 
adjacent in G l if and only if the corresponding edges in G are adjacent. 

Let G be a graph and x,y,z variables in {0,1,+,—}. The xyz-transformation 
G xyz of G is the graph with vertex set V(G xyz ) = V(G) U E(G) and the edge set 
E(G xyz ) = E(G X ) U E({G l ) y ) U E(W), where W = B(G) if z = +, W = B C (G) if 
z = -, W is the empty graph with V(W) = V(G) U E(G) if z = 0, and W is the 
complete bipartite graph with partite sets V(G) and if 2; = 1. 

For a regular graph G, the adjacency characteristic polynomials (and the adja- 
cency spectra) of G 00+ , G +0+ , G 0++ and G +++ can be found in pQ. The adjacency 
characteristic polynomials (and the adjacency spectra) of the other seven G xyz with 
x,y,z G {+,— } can be found in [3]. Deng et al. [3] determined the Laplacian char- 
acteristic polynomials of G xyz of a regular graph G with x,y,z G {0,1,+,—} (The 
cases G 0++ , G 0+0 and G' 00 + have early been given in [2]). 

Let f(x, G) = det (x I n — Q(G)) be the signless Laplacian characteristic polynomial 
of G, where I n is the the identity matrix of order n = \V(G)\. Now we give the signless 
Laplacian characteristic polynomials of xyz-transformation of an r-regular graph G 
with n vertices and m edges in terms of n,m, r and the signless Laplacian spectrum 
of G with x,y,z G {0, 1, +, — }. 

2 Some preliminaries 

Let G be a graph with V(G) = {v±, . . . , v n } and E(G) = {ei, . . . , e m }. The vertex- 
edge incidence matrix R(G) of G is the n x m-matrix (r^-), where = 1 if vertex Vi is 
incident to edge e,- and r y = otherwise. Then R(G)R(G) T = Q(G), R(G) T R(G) = 
A(G l ) + 2I m . Let qi(G), q<2(G), . . . , q n (G) be the the signless Laplacian eigenvalues of 
G arranged in non- decreasing order. Then q± > and R(G) T R(G) has eigenvalues 
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(of multiplicity m — n), q 1 , q 2 , . . . , q n . 

For positive integers p and q, let J pq be the all-ones p x (/-matrix, and in particular, 
let Jp Jp,P' 

In the rest of this paper, G is an r-regular graph with n vertices and to edges. 
Then 2m = rn. We write A(G) = A, Q(G) = Q, R(G) = R, and = % for 

% — 1, 2, . . . , n. In particular, q n = 2r. 

Lemma 2.1 Let P(x,y) be a polynomial with two variables and real coefficients. 
Then 

(1) P(A, J n ) has the eigenvalues P(r, n) and P(qi — r, 0) for i = 1,2, . . . ,n — 1, or 
equivalently, P(Q, J n ) has the eigenvalues P(2r, n) and P(qi, 0) fori — 1,2, ... , n— 1, 
and 

(2) P(R T R, J m ) has the eigenvalues a m = P(2r, m) and (jj = P(q'i, 0) for i = 
1, 2, . . . , m — 1, where q\ — /or % = 1, 2, . . . , m — n, and q[ = qi- m+n for i = 
m — n + 1, . . . , to — 1. 

Proof. (1) Let Xi,X 2 , . . . ,X n be orthogonal eigenvectors of A such that AX { = 
(qi — r)Xi for % — 1, 2, . . . , n. Since A has equal row sums, X n = J nl . Since = 
nJ n , J n ^ni = nJ n i and AJ„i = rJ nl , we have A s J^J nl = A s n t J n -y = r s n t J nl for 
nonnegative integers s and t, and thus P(Q, J nn )X n = P(r, n)X n . For i — 1,2, ... , n— 
1, since J n Xi = and A s Xi = (gj — r) s Xj, we have P(A, J n )Xi = P(q,i — r, 0)Xj. 

(2) Since R T R = A(G l ) + 2I m , R(G) T R(G) have equal row sums. Note that 
(R T R) s Jf n J m i = (R T i?) s TO*J m i = (2r) s n t J nl for nonnegative integers s and t By 
similar argument as in (1), the result follows. □ 



Lemma 2.2 Let B and C be square matrices. Then 



B 


E 


1 \B\\C- 


FB- L E\ 


ifB 


is invertible, 


F 


C 


{ \C\\B- 


EC~ 1 F\ 


ifC 


is invertible. 



Note that g n _j(G c ) = n — 2 — q^ for every % e {1, 2, . . . , n — 1} and q n (G c ) = 
2{n — r — 1). Equivalently, we have the following lemma. 

Lemma 2.3 (A - n + 2 + 2r)f(x, G c ) = (-l) n (A - 2n + 2 + 2r)/(n - 2 - A, G). 
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3 Signless Laplacian characteristic polynomials of 
G xyz with z = 



Obviously, /(A, G°) = X n , /(A, G+) = /(A, G) and /(A, G 1 ) = (A - 2n + 2) (A - n + 
2)"- 1 . Note that G l is regular of degree 2r - 2 and f(G l , A) = (A - 2r + 4) m " n /(A - 
2r + 4,G). 

For x,y £ {0,1,+,—}, G 2 ^ consists of vertex disjoint G x and (G l ) y ), and then 
/(A, G^°) = /(A, G*)/(A, (G^). Thus we have the following conclusions (16 cases). 

/(A, G x0 °) = A m /(A,G*)forxe{0,l,+}, 

f(X,G xW ) = (X-2m + 2)(X-m + 2) m - 1 f(X,G x ) for x e {0,1,+}, 
f(\,G-°°) = (-l) n X m (X-n + 2 + 2r)- 1 

(A - 2n + 2 + 2r)/(n - 2 - A, G), 
/(A,G- 10 ) = (-l) n (A-2m + 2)(A-m + 2) m " 1 (A-n + 2 + 2r)~ 1 

(A - 2n + 2 + 2r)/(n - 2 - A, G) 
/(A,G 0+0 ) = A n (A-2r + 4) m " n /(A-2r + 4,G a; ), 

/(A,G 1+0 ) = (A-2n + 2)(A-n + 2) n - 1 (A-2r + 4) m - n /(A-2r + 4,G a; ), 
/(A,G ++0 ) = (A-2r + 4) m - n /(A,G)/(A-2r + 4,G x ), 
/(A,G" +0 ) = (-l)"(A-n + 2 + 2r)' 1 (A-2n + 2 + 2r) 

f(n-2-\,G)f(\-2r + 4,G x ), 
/(A,G°-°) = (-l)"~ 1 A"(A-m + 4r-2)- 1 (A + 4r-2m-2) 

(A + 2r - 2 - m) m - n f{m - 2r - X + 2, G), 
/(A, G 1_0 ) = (-l) ri - 1 (A-2n + 2)(A-n + 2)"- 1 (A-m + 4r-2)- 1 

(A + 4r - 2m - 2)(A + 2r - 2 - m) m ~ n f(m - 2r - X + 2, G), 
/(A,G + -°) = (-l) n ~ 1 (A-m + 4r-2)- 1 (A + 4r-2m-2)(A + 2r-2-m) m - n 

/(A,G)/(m-2r-A + 2,G), 
f(X,G—°) = -(X-n + 2 + 2r)- 1 (X-2n + 2 + 2r)(X-m + 4r -2)- 1 

(A + 4r - 2m - 2) (A + 2r - 2 - m) m - n 

fin -2- A, G)/(m - 2r - A + 2, G). 
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4 Signless Laplacian characteristic polynomials of 
G xyz with z = 1 

Note that G 001 is a complete bipartite graph and G 111 = K n+m . Then 
/(A, G 001 ) = A(A — m — n)(X - m) n -\X - n) m ~\ 
/(A, G 111 ) = (A - In - 2m + 2)(A - m - n + 2) m+n - 1 . 

Theorem 4.1 

— 01\ _ 17 \ o„ ™ i i n\ U\ „\m— 1 



/(A, G ) = [(A-n)(A-2n-m + 2r + 2) -mn](A- 



ra-l 



JJ(A-n-m + 2 + ft), 



i=l 

Proof. Obviously, 

^^^f— 01^ _ I j4(G ) Jmn \ ( J'n In ^ Jnm 

and 



Jmn y y Jmn 



Then 



nfri-oi\ f (n + m-r-l)I n 
} " I n/„ 



/(A,G- 01 ) = det(A/ n+m - Q(G- 01 )) 

(A-n-m + r + 2)4- J„ + A -J, 

- J mn (A - n)I, 



nm 

m 



Clearly, it is sufficient to prove our claim for A^n. By Lemma 12.21 

f(X,G' 01 ) = (X-n) m - n \B\. 

where 

B — (A — n)(A — n — m + r + 2)I n — (A — n) J n + (A — n)A — mJ n . 



By Lemma [2.11 the eigenvalues of B are 

c"n = (A — n)(X — n — m + r + 2) — (A — n)n + r(A — n) — mn 



= (A — n) (A — 2n — m + 2r + 2) — van 

and 

(Tj = (A — n) (A — n — m + r + 2) + (A — n) (ft — r) 
= (A — n) (A — n — m + 2 + ft) 

for i = 1,2,..., n- 1. Then 

n-l 

|£| = [(A - n)(X - 2n - m + 2r + 2) - mn](X - n) n_1 JJ(A - n - m + 2 + ft), 

i=l 

and thus the result follows. 

Similarly, we have the following theorem. 
Theorem 4.2 

f(X,G 101 ) = [(\-n)(\-m-2n + 2)-mn}(\-m-n + 2) n -\\-n) m -\ 

n-l 

/(A, G +m ) = [(A - n) (A - 2r - m) - mn] (A - n)™" 1 JJ (A - m - ft) . 

i=l 

Theorem 4.3 

n-l 

/(A, G +n ) = [(A - m - 2r)(A - 2m - n + 2) - mn](A - m - ra + 2)" 1 " 1 JJ(A - m - g 

i=\ 

Proof. Obviously, 

A T 



A(G +U ) 
and 



Jmn Jm ^rn 



r)(r+ ll \ - ( ( m + r )4 
u ^ >-\ o (m + ra-l)I„ 



Then 

/(A,G +11 ) = det(A/ n+m - Q(G +11 )) 
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Let 

M 



(X-m-r)I n -A -J nm 



(A - m - r)I n - A -J nm 

J mn (A Tft Tl ~\- 2 ) Z m f/ n 



Obviously, R T J nm = 2J m . Thus multiplying the first row of the block matrix M by 
— ^R T and adding the result to the second row of M, we obtain a new matrix 



Mi 



(A — m — r)J n — A —J, 



rim 



^±^R T + \R T A -J mn (A — m — n + 2) J m 



Clearly, /(A, G +n ) = |M| = |Mi| and it is sufficient to prove our claim for A 7^ 
m + n — 2. By Lemma 12. 2[ 

/(A,G +n ) = {\-m-n + 2) m - n \B\, 

where 

S = (A-m-r)(A-n-m + 2)/ n - (\-m-n + 2)A^ J n mR T 

+-J„ m R T A-J nm J mn . 
Since J„ m -R T = rJ n , J nm R T A = r 2 J n and J nm J mn = mJ n , we have 
B = (\-m-r)(\-n-m + 2)I n - (A - m - n + 2) A + — J n - mJ n . 



By Lemma [2.11 the eigenvalues of B are 

(m + 2r — A)r 

a n = (A — m — r)(A — n — m + 2) — (A — m — n + 2)r H n — mn 

= (A — m — 2r)(A — n — 2m + 2) — mn 

and 

(jj = (A — m — r)(A — n — m + 2) — (A — m — n + 2) — r) 
= (A — n — m + 2)(A — m — g^). 

n-l 

Then |S| = [(A — m — 2r)(A — n — 2m + 2) — mn](A — n — m + 2) n_1 J| (A — m — t^), 

i=i 

and thus the result follows. □ 
Similarly, we have the following theorem. 
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Theorem 4.4 

/(A,G 011 ) = [(A-m)(A-2m-n + 2) -mn](A-m) n - 1 (A-m-n + 2) m - 1 , 
/(A, G~ n ) = [(X-2m-n + 2)(X-m-2n + 2r + 2)-mn](X-m-n + 2) m - 1 

n-l 



Y\_(X - m- n + 2 + qi 



i=l 



Theorem 4.5 

/(A,G 0+1 ) = [(A-m)(A-n-4r + 4) -mn](A-n-2r + 4) m " n (A-m) n - 1 

n-l 

J^(A-n-2r + 4-gi). 



i=i 

Proof. Obviously, 



Jmn A(G ) y V ^mn -R R — 2J, 



and 

d(g 0+1 ; 

Then 

/(A,G 0+1 ) = 



ml n 
(rc + 2r-2)J„ 



(A Tfljl n Jnm 

-J mn (\-n-2r + 4) J m - i? T i? 



Clearly, it is sufficient to prove our claim for A ^ m. By Lemma 12.21 (and the fact 
that J mn J nm = nJ m ), /(A, G 0+1 ) = (A - m) n - m \B\, where 

B = (A - m)(A - n - 2r + 4)J m - (A - m)R T R - nJ m . 



By Lemma [2.11 the eigenvalues of i? are 

o~ m = (A — m)(A — n — 2r + 4) — 2r(A — m) — ram 
= (A — m)(A — n — 4r + 4) — nm, 

for 1 < j < m — n, 

Gj = (A - m)(A - n - 2r + 4), 
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and form — n+l<j<m — 1 

Gi = (A-m)(A-ra-2r + 4)-(A-m)gJ 

= (A - m)(A - n - 2r + 4) - (A - m)^-_ m+n 
= (A-m)(A-n-2r + 4-g i _ m+n ). 

Then 

|S| = [(A-m)(A-n-4r + 4) -mn](A-n-2r + 4) m - n (A-m) m ~ 1 

n-l 

JJ(A-n-2r + 4- ?l ), 
i=i 

and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 4.6 

fX\,G - r ) = [(A-m)(A-2m-n + 4r-2) - mn}(\ - m - n + 2r - 2) m ~ n 

n-l 

(A - m) n_1 JJ(A - m - n - 2 + 2r + 



i=i 



Theorem 4.7 

/(A,G 1+1 ) = [(A-2n-m + 2)(A-n-4r + 4) - mn](A - ra - 2r + 4)' 

n— 1 

(A - n - m + 2) n_1 JJ(A - n - 2r + 4 - 



i=i 

Proof. Obviously, 



and 



Jmn R R 2/ m 



n ^i+iN _ f (m + n- l)I n \ 

1 j "V (n + 2r-2)J my ! 
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Then 



(A - m - n + 2)I n - J n -J nm 

-Jmn (A-n-2r + 4)/ m - R T R 



Clearly, it is sufficient to prove our claim for A ^ m + 2n — 2. Let 



M 



(A — m — n + 2)I n — J n 

J m.n. 



(X-n-2r + 4)I m -R T R 



Multiplying the first row of the block matrix M by 
result to the second row of M, we obtain a new matrix 

M x = 



1 



A-2n-m+2 



J mn and adding the 



(A - m - n + 2) I n - J n 




\-2n-m+2 



Jnm 

J m + (A - n - 2r + 4) I m - R T R J ' 



Then 



/(A,G- 



-llN 



I Mi I 

I (A - m - n + 2)4 - J n \ 

(\-n-2r + A)I m - R T R + 
(A - n - m + 2) n_1 (A - 2n - m + 2) 



-n 



\-2n-m + 2 



1—m 1 



B\ 



where 



B = (A - 2n - m + 2)(A - n - 2r + 4)/ m - (A - 2n - m + 2),R T ^ - nJ m . 



By Lemma [2.11 the eigenvalues of B are 

,r m = (A - 2n - m + 2) (A - n - 2r + 4) - (A - 2n - m + 2) • 2r - mn 
= (A — 2n — m + 2) (A — n — 4r + 4) — mn 

for 1 < j < m — n, 

Gj = (A - 2n - m + 2)(A - n - 2r + 4) 
and for m — n + l<j<m — 1, 



(A - 2n - m + 2) (A - n - 2r + 4) - (A - 2n - m + 2)^ 

(A - 2n - m + 2)(A - n - 2r + 4) - (A - 2n - m + 2)g j _ m+n 
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= (A-2n-m + 2)(A-n-2r + 4-g j _ m+n ). 

Then 

\B\ = [(A-2n-m + 2)(A-n-4r + 4) - mn](\ - n - 2r + 4)' 

n-l 

(A - 2n - m + 2) m - 1 JJ(A - n - 2r + 4 - ft), 



and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 4.8 

f(\,G ++1 ) = [{\-2r-m)(\-n-4r + 4) -mn]{\-n-2r + 4) m ~ n 

n-l 

Y[(X - n - 2r + 4 - ft)(A - to - ft), 
i=i 

f(\,G- +1 ) = [(A-2n-m + 2r + 2)(A-n-4r + 4) - mn] 
(A - n - 2r + 4) m ~ n 

n-l 



Q(A - n - 2r + 4 - qi )(\ - n - m + 2 + ft), 



j\\,G 1 - 1 ) = [(X-2n-m + 2)(X-2m-n + 4r -2) - mn] 
(X-m-n-2 + 2r) m ~ n 



n-l 



(A-n-m + 2)"- 1 JJ(A — m — n — 2 + 2r + ft) , 



i=l 



/(A,^ 1 ) = [(A-2r-m)(A-2m-n + 4r-2) - mn] 
(A-m-n-2 + 2r) m " n 



n— 1 



]^[(A - to - ft) (A - m- n- 2 + 2r + ft), 



i=i 



/(A, G x ) = [(A - 2n - to + 2r + 2)(A - 2to - n + 4r - 2) - mn] 
(A - to - n + 2r - 2) m " ri 



n-l 



|^J(A — to — n + 2 + ft) (A — n — m + 2r — 2 + ft). 
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5 Signless Laplacian characteristic polynomials of 
G xyz with z = + 

Since C 00+ is a bipartite graph, the signless Laplacian eigenvalues of G 00+ are the 
same as the Laplacian eigenvalues of G 00+ . Thus 

n-l 

/(A, G 00+ ) = A(A - r - 2) (A - 2) m ~ n H[(A - 2)(A - r) - 
Theorem 5.1 

/(A, G 10+ ) = [A 2 - (r + 2n)A + 4n - 4] (A - 2) m - n JJ[(A - r - n + 2) (A - 2) - 
Proof. Obviously, 



i=i 



n-l 



i=l 



A(G 10+ ) 



>4 -Ml ^ 

i? T 



and D{G W+ ) 



(r + n- 1)J„ 
24 



Then 



/(A, G 



in-!- , (A — r — n + 2)4 - 4 />' 

-i? T (A -2)4 

Clearly, it is sufficient to prove our claim for A ^ 2. By Lemma 12.21 (and the fact 
RPJ = Q), 



(A - r - n + 2)4 - 4 - t — -#4^ 

A — z 



/(A,G 10 +) = |(A-2)4 

= (A-2)" 1 -"- |(A-r-n + 2)(A-2)4-(A-2)4-Q|. 



Let .B = (A — r — n + 2) (A — 2)4 — (A — 2)4 — Q- By Lemma T2.14 the eigenvalues of 
B are 

a n = (A - r - n + 2)(A - 2) - (A - 2)n - 2r = A 2 - (r + 2n)A + 4n - 4 
and for 1 < i < n — 1, 

o-i = (A - r - n + 2) (A - 2) - qi . 

Then 

n-l 

|S| = [A 2 - (r + 2n)A + An - 4] JJ[(A - r - n + 2)(A - 2) - 9f ], 



i=i 
12 



and thus the result follows. 

Similarly, we have the following theorem. 
Theorem 5.2 



□ 



n-l 



f(X,G +0+ ) = [A 2 -(2 + 3r)A + 4r](A-2r-«n[( A - 2 )( A - r -^)-^ 



i=i 



f(X,G- 



[(A - 2)(A - 2n + r + 2) - 2r](A - 2)' 



n—l 



Y[[(\-2)(X-n-r + 2 + q l )-q i 



8=1 



Theorem 5.3 

/(A, G 01+ ) = [(A - r)(A - 2m) - 2r](A - m) m " n JJ[(A - r)(A 
Proof. Obviously, 



n-l 



i=l 



A(G ° 1+)= (A J m -/ m ) ^ D ( G ° 1+ )=( 



r/ n 
(to + 1)J„ 



Then 



Let 



/(A,G 01 +) 



(A - r)I n -R 
-R T (A - m)I m - J„ 



M 



(A - r)I n -R 
-R T (A - m)I m - J„ 

Multiplying the first row of the block matrix M by — | J mn and adding the result to 
the second row of M, we obtain a new matrix 



Mi 



(A - r)I n 



-R 



r -^J mn -Rj (A-m)J„ 



Obviously, /(A, G 01+ ) = |M| = |Mi|, and it is sufficient to prove our claim for A ^ m. 
By Lemma [2.21 



/(A, G 01+ ) = (A - my 



{X-r){X-m)I n + 



r — X 



-RJmn — RR 
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Let B = (A — r)(A — m)I n + " L ^RJ mn — RR T . Obviously, RJ mn = rJ n . Thus 

B = (A - r)(A - m)/ n + ^p?"J n - Q. 

By Lemma [2.11 (and the fact that rn = 2m), the eigenvalues of B are 

r — A 

a n = (A — r)(A — m) H — rn — 2r = (A — r)(A — 2m) — 2r 

and for 1 < i < n — 1, 

o-j = (A - r)(A - m) - ft. 

Then 

n-l 

\B\ = [(A - r)(A - 2m) - 2r] JJ[(A - r)(A - m) - ft], 

i=l 

and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 5.4 

/(A,G 11+ ) = [(A-r-2n + 2)(A-2m) -2r](A-m) m " n 

n-l 

Y[[(\-r-n + 2)(\-m)- qi ), 
i=i 

J(A,G- 1+ ) = [(A-2m)(A-2n + r + 2) -2r](A-m) m " n 

n— 1 

JJ[(A - m)(A - n + r + 2-ft)- ft], 

8=1 

/(A,G +1 +) = [(A-2m)(A-3r) -2r](A-m) m -" 

n-l 

JJ[(A-m)(A-r-ft) - ft]. 

i=i 

Theorem 5.5 

/(A,G +++ ) = [(A-3r + 2)(A-4r)](A-2r + 2) m " n 

n-l 

JJ[(A - r - ft)(A - 2r + 2 - ft) - ft]. 



i=l 
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Proof. Obviously, 
A(G +++ ) 

Then 



A R 



and D(G 



Let 



/(A,G+++) 



M 



PJ A(G l ) 

(X-2r)I n -A 
-R T 



2rl n 
2r4 



-R 



(A - 2r + 2)J m - R T R 



(A - 2r)I n -A -R 

-R T (A - 2r + 2)I m - i? T i? 



Multiplying the first row of the block matrix M by — R T and adding the result to the 
second row of M, we obtain a new matrix 



Mi 



(A - 2r) J n - A -i? 
(2r — A — l)i? T + fl T A (A - 2r + 2)4 



Obviously, /(A, C++ 1 ) = |M| = |Mi|, and it is sufficient to prove our claim for 
A ^ 2r - 2. By Lemma 1231 



/(A,G +++ ) 
|(A-2r + 2)/ 5 



(A - 2r)I n - A 



-R((2r - A - 1)R T + R T A) 



A - 2r + 2 
= (A-2r + 2) m " n 

|(A - 2r)(A - 2r + 2)/ n - (A - 2r + 2)A + (2r - A - l)i?i? T + i?i? T A|. 

Let B = (A - 2r)(A - 2r + 2)4 - (A - 2r + 2) A + (2r - A - l)i?i? T + i?.R T A Note 
that RR T = Q and A = Q - rl. Then 

B = (A - 2r)(A - 2r + 2)4 - (A - 2r + 2)(Q - r/) + (2r — A - 1)Q + Q(Q - rl). 



By Lemma [2.11 the eigenvalues of B are 

ct„, = (A-2r)(A-2r + 2)-r(A-2r + 2) + 2r(2r-A-l) + 2r 2 = (A - 3r + 2)(A - 4r) 

and for 1 < i < n — 1, 

a, = (A-2r)(A-2r + 2)-(A-2r + 2)(g i -r) + (2r-A-l)g i + g i ( ft -r) 
= (A-r-g i )(A-2r + 2-g i ) 
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Then 

n— 1 

\B\ = [(A - 3r + 2)(A - 4r)] J][(A - r - 5i )(A - 2r + 2 - ft ) - 

i=i 

and thus the result follows. □ 

Similarly, we can prove the following theorem. 
Theorem 5.6 

/(A,G 0++ ) = [(A-r)(A-4r + 2) - 2r](A - 2r + 2) m " n 

n-l 

JJ[(A-r)(A-2r + 2- ft )-ft], 

i=l 

/(A,G 1++ ) = [(A-r-2n + 2)(A-4r + 2) -2r](A-2r + 2) m - n 

n-l 

• J] [(A - r - n + 2)(A - 2r + 2 - q t ) - q t ], 
i=i 

f(X,G- ++ ) = [(A-2n + r + 2)(A-4r + 2) - 2r](A - 2r + 2) m ~ n 

n-l 

JJ[(A - ra - r + 2 + qi )(X -2r + 2- qi )- q z ]. 

i=l 

Theorem 5.7 

/(A, = [(A - 3r) ( A - 2m + 4r - 4) - 2r] (A - m + 2r - 4) m ~ n 

n-l 

JJ[(A - r - ft)(A - m + 2r - 4 + ft ) - 

i=i 

Proof. Obviously, 

A{G+ +)= {R T J m -Im- A(G l ) ) = {R T J m + I m -PJR) 



and 



jD(G+_+) ( o" (m-2r + 3)/ m ) 



Then 

(A-2r)/ n -A -i? 



-R T (A-m + 2r-4)/ m - J m + R T R 
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Let 



M 



( 



(A - 2r)/ n - A 



-R 

(A - m + 2r - 4)I m - J m + R T R 



Multiplying the first row of the block matrix M by —^J mn + R and adding the result 
to the second row of M, we obtain a new matrix 



Obviously, f(\,G + + ) = \M\ = |Mi|, and it is sufficient to prove our claim for 



A 7^ m — 2r + 4. By Lemma 12.21 

f{X,G + -+) = (X - m + 2r - A) m - n ■ \B\. 

where B = (A - 2r)(A - m + 2r - 4)/ n - (A - m + 2r - 4) A + (A - 2r - 1)RR T + 
^RJ mn - RR T A. Note that i?i? T = Q, RJ mn = rJ n and A = Q - rl. Then 

B = (\-2r)(\-m + 2r-4)I n -(\-m + 2r-4)(Q-rI) + (\-2r-l)Q 



By Lemma [2.11 the eigenvalues of B are 

a n = (A-2r)(A-m + 2r-4) - r(A - m + 2r - 4) + 2r(A - 2r - 1) 



= (A-3r)(A-2m + 4r-4) -2r 
and for i = 1, 2, . . . ,n — 1 




(3r — A)r 
2 



J n -Q(Q-rI). 



Gi = (A - 2r) (A - m + 2r - 4) - (A - m + 2r - 4) (g, - r) 
+ (A - 2r- 1)% - qi(qi - r) 
= (X-r-q i )(X-m+2r-4 + q i )-q i . 



Then 



B 



[(A - 3r)(A - 2m + 4r - 4) - 2r] 



n-l 



J^[[(A - r - &)(A - to + 2r - 4 + qi ) - qi ] 



i=l 



and thus the result follows. 



□ 



Similarly, we have the following theorem. 
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Theorem 5.8 

/(A, G°- + ) = [(A - r) (A - 2m + 4r - 4) - 2r] (A - m + 2r - 4) m ~ n 

n-l 

JJ[(A-r)(A-m + 2r-4 + ft ) - ft], 
i=i 

/(A, = [(A-r-2n + 2)(A-2m + 4r-4) - 2r](A - m + 2r - 4) m " n 

n-l 

JJ[(A-r-n + 2)(A-m + 2r-4 + gi ) 
i=i 

/(A, G + ) = [(A-2n + r + 2)(A-2m + 4r-4) -2r](A-m + 2r-4) m - n 

n-l 

JJ [(A - n - r + 2 + ft)(A - m + 2r - 4 + ft) - ft] . 

i=i 

6 Signless Laplacian characteristic polynomials of 
G xyz with z = - 

Since G 00 ~ is a bipartite graph, the signless laplacian eigenvalues of G 00 ~ are the 
same as the laplacian eigenvalues of it. 

n-l 

/(A, G 00 -) = A(A - n - m + r + 2)(A - n + 2)™- n JJ{(A - m + r)(A - n + 2) - ft}. 

i=i 

Theorem 6.1 

/(A, G 10 ~) = [(X-n + 2)(X-2n + m + r + 2) + (2r - m)n - 2r] 

n-l 

(A - n + 2) m - n Y[[{\ -m-n + r + 2)(A -n + 2)- ft]. 
i=i 



Proof. Obviously, 

A(G 1U -) 



10— \ f -4 "Aim 



T _ pi 



and 



n(n™-\-( ( n + m ~ r -1)4 
D(G } -l (n-2)J„ 



18 



Then 



/(A, G 



10- 



(A-n-m + r + 2)4 - J n i?. - J nm 
R T -J mn (X — n + 2)4 



Clearly, it is sufficient to prove our claim for A 7^ n — 2. By Lemma [2.21 

f(\,G 10 -) = (A-n + 2)" Wi |5|, 

where 

B = (A - n- m + r + 2)(A - n + 2)I n - (A- n + 2) J n 

(-R Jnm)i^R Jmn)- 

Note that i?i? T = Q, J„ m i? T = r J n and i?J m „ = rJ n , then 

J B = (A-n-m + r + 2)(A-n + 2)4 + (2r + n- m- 2- A) J n - Q. 

By Lemma [2.11 the eigenvalues of B are 

a n = (A — n — m + r + 2) (A — n + 2) + (2r + n — m — 2 — A)n — 2r 
= (A - n + 2)(A - 2n + m + r + 2) + (2r - m)n - 2r 

and for % — 1, 2, . . . ,ra — 1, 

o"i = (A — 77. — m + r + 2) (A — n + 2) — q*. 

Then 

|5| = [(A - n + 2)(A - 2n + m + r + 2) + (2r - m)n - 2r] 

n-l 

]J[(X -m-n + r + 2)(A - n + 2) - ft], 
i=i 

and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 6.2 

f{X,G + °-) = [(A-n + 2)(A-m-r) + (2r-m>-2r](A-n + 2) m - n 

n-l 

IX[(A - n + 2)(A - m + r - qi ) - q { ], 

i=l 

f{X,G-°~) = [(A-n + 2)(A-2n-m + 3r + 2) + (2r - m)n - 2r](A - n + 2) m " n 
J]j(A -n + 2)(A - n - m + r + 2 + qi ) - qi ). 



i=l 
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Theorem 6.3 

/(A,G 01 -) = [(X-m + r)(X-n-2m + A) + (A-n)m-2r}(X-n-m + A) m - n 

n-l 

J^J[(A — m — n + 4) (A — m + r) — 



Proof. Obviously, 



and 



Then 



A(G 01 - 
D(G 01 -) = 
f(\,G 01 -). 



R 



Jmn R Jm 



(m — r)I n 

(m + n — 3)I„ 



(X-m + r)I n R-J nm 
R 1 - Jmn {X- n- m + A)I m - J ni 

Clearly, it is sufficient to prove our claim for A 7^ m — r. By Lemma 12.21 and the fact 
R Jnm 2(/ n and J mn R 2</ n , 



/(A,G 01 -) 
= (A-m + r) n " m 

I (A -n -m + 4)(A - m + r)I m - (A - m + r)J m - (.R T - J mn )(R - J nm )\ 
= (A-m + r)"- m 

I (A — n -m + 4)(A - m + r)I m - R T R + (m + A-X-r- n)J m \ 

Let B — (A — n — m + 4) (A — m + r) I m — R T R + (m + A — X — r — n)J m . By Lemma 
I2.1[ the eigenvalues of B are 

a n = (A — n — m + 4) (A — m + r) — 2r + (m + 4 — A — r — n)m 
= (A — m + r)(A — n — 2m + 4) + (4 — n)m — 2r, 

for 1 < j < m — n, 

Oi = (A — n — m + 4) (A — m + r), 
and for m — n+ 1 < j < m — 1, 

(Tj = (A — n — m + 4) (A — m + r) — q'j = (A — n — m + 4) (A — m + r) — qj_ m+n . 
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Then 

\B\ = [(A-m + r)(A-n-2m + 4) + (4 - n)m - 2r](A - m + r) m ~ n 

n-l 

(A - n - m + 4) m ~ n JJ[(A - m - n + 4)(A — m + r) — Oj . 



and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 6.4 

/(A,G 0+ -) = [(A-m + r)(A-n-4r + 6) + {4 - n)m - 2r]{\ - n - 2r + 6) m ~ n 

n-l 

I3j(A - m + r)(A - n - 2r + 6 - - 
i=i 

/(A, G° ) = [(A-m + r)(A-n-2m + 4r) + (4-n)m-2r](A-n-m + 2r) m - n 

n-l 

JJ[(A - m + r)(A - n - m + 2r + ft ) - gj. 

i=i 

Theorem 6.5 

/(A, G n ~) = [(A-2n-2m + 2)(A-n-m + r + 4) + 8m](A - n - m + 4) m ~ n 

n-l 

[J [(A - m - n + r + 2)(A - n - m + 4) - 
i=i 

Proof. Obviously, 
and 



Jmn R Jrn Im 



n(r 11 -\-( (n + m-r-l)I n 
^ )-\ o (m + n-3)I„ 



Then 

/(A, G n ~) 



(A - m - n + r + 2)I n - J n R - J nm 

R T - Jmn (X-n-m + A)I rn - J rn 

= (2-n)- m \M\, 
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where 
M -- 



(A - m - n + r + 2)J n - J„ R - J nm 

(2 - n)i? T - (2 - n) J mn (2 - n)(A - n - m + 4)/ m - (2 - n)J„ 



Obviously, J mn R = 2J mm and J mn Jnm = nJ mm . Hence multiplying the first row of 
the block matrix M by J mn and adding the result to the second row of M, we obtain 
a new matrix 

, _ / (\-m-n + r + 2) I n - J n R- J nm 

\ (2 - n)R T + (A - m - n + r)J mn (2 - n)(A - n - m + 4)I n 

Clearly, \M'\ = \M\ and f(X,G n -) = (2 - ra)- m |M / |. Obviously, it is sufficient to 
prove our claim for A^n + m- 4. By Lemma 12.21 /(A, G n ~) = (2 — n)~ n (X — n — 
m + A) m ~ n \B\, where 

B = (2 - n)(X - m - n + r + 2)(A - n - m + 4)/ n 
-(2 - n)Q - (2 - n)(A - n - m + 4) J n 
— (A — m + r — 2)rJ n + (X — n — m + r)mJ n . 



By Lemma [2.11 the eigenvalues of are 

cr n = (2 - n)(A - m - n + r + 2)(A - n - m + 4) - 2r(2 - n) 

— (2 — n)(X — n — m + 4)n 

— (A — m + r — 2)rn + (A — n — m + r)mn 

= (2 - 72,) [(A - 2ra - 2m + 2)(A -n-m + 4 + r) + 8m], 

and for z = 1, 2, . . . , n — 1 

<jj = (2 — 72 ) (A — m — n + r + 2) (A — n — m + 4) — (2 — n)^ 

= (2 — 72) [(A — 772 — 72 + T + 2) (A — 72 — 772 + 4) — qi\ . 

Then 

\B\ = (2 - 72) n [(A - 272 - 2m + 2)(A- 72 -m + r + 4) + 8m] 

n-l 

J^J [(A — m — n + r + 2) (A — n — m + 4) — q^] , 

i=i 

and thus the result follows. □ 
Similarly, we have the following theorem. 
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Theorem 6.6 

f(X,G +1 -) = [(X-m-r)(X-n-2m + 4) + (A - n)m - 2r] 

n-l 

(X-n-m + 4) m_n Y[[(X - n - m + 4) (A - m + r - &) - ft], 
f^G' 1 -) = [(A-n-2m + 4)(A-2n-m + 3r + 2) + (4 - n)ra - 2r] 

n-l 

(A - n - m + 4) m -" JJ[(A - w - m + 4) (A - m - n + r + q t + 2) - ft 



Theorem 6.7 

/(A,G 1+ -) = [(A-2n-m + r + 2)(A-n-4r + 6) + (4 - n)m - 2r] 

n-l 

(A - n - 2r + 6) m -" JJ[(A - n - m + r + 2)(A - n - 2r + 6 - ft) - % 



i=l 



Proof. Obviously, 
and 



<-^n In Jnm | ( <-^nm -R 

</mn — -R T A(G') y I J mn — R T R T R — 2I n 



Then 

/(A,G 1+ 

Let 

M = 



'run 



n(r 1 +-\-( ( n + m - r - !)4 

' ~ I (n + 2r - 4)/„ 



(A-n-m + r + 2)7 n — J„ R - J n 

R T - J mn (X-n-2r + 6)J m - i? T i? 



(A - n - m + r + 2)4 - J n R - J nm 

R T - J mn (X-n - 2r + 6)I m - R T R 



then /(A, G 1+ ~) = |M|. Obviously, R T J nm = 2J m . Thus multiplying the first row of 
the block matrix M by R T and adding the result to the second row of M, we obtain 
a new matrix 



M' 



(A - n - m + r + 2)I n - J n R - J nm 

(X — n — m + r + 3)R T — 3J mn (A — n — 2r + 6)/ m — 2J„ 
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Let 

(A-n-m + r + 2) J n - «7 n i? - J nm 

M" =| (2 - n)(A - n - m + r + 3)f? T 

-3(2 - n) J mn (2 - n)(X - n - 2r + 6)I m - 2(2 - n)J„ 

Clearly, |M"| = (2-n) m |M'| = (2-n) m \M\ and /(A, G 11 ") = |M'| = (2-n)-' m \M"\. 
Obviously, J mn R = 2J m and J mn Jnm = nJ m . Thus multiplying the first row of the 
block matrix M" by 2J mn and adding the result to the second row of M", we obtain 
a new matrix 

(A - n - m + r + 2)I n - J n R - J nm 

M'" =| (2-n)(X-n-m + r + 3)R T 

+ (2A - n - 2m + 2r - 2) J mn (2 - n)(A - n - 2r + 6)J„ 

Clearly, |M"'| = |M"|, /(A, = (2 - n y m \M'"\, and it is sufficient to prove our 

claim for A ^ n + 2r — 6. By Lemma 12.21 

\M"'\ = (2 - n) m " n (A - n - 2r + 6) rn - n \B\, 

where 

5 = (2-n)(A-n-2r + 6)(A-n-m + r + 2)/„- (2 - n)(X - n - 2r + Q)J n 
-{R - J nm )[(2 - n)(A - n - m + r + 3)i? T + (2A - n - 2m + 2r - 2) J mn ] 
= (2-n)(X-n-2r + 6)(X-n-m + r + 2)I n 
-(2 - n)(A - n - m + r + 3)RR T 

— (2 — n)(X — n — 2r + 6) J n — {An — 8 + Xn — n 2 — nm + nr)rJ n 
+ (2A - n - 2m + 2r - 2)mJ n . 



Thus 



/(A, G ) = (2 - n)- n (A - n - 2r + 6) m -"|5|. 



By Lemma [2.11 the eigenvalues of B are 

o n = (2 — n) (A — n — 2r + 6) (A — n — m + r + 2) — (2 — n) (A — n — m + r + 3) • 2r 
— (2 — n)(A — n — 2r + 6)n — (4n — 8 + An — n 2 — nm + nr)rn 
+ (2A — n — 2m + 2r — 2)mn 

= (2-n)[(X-2n-m + r + 2)(A - n - 4r + 6) + (4 - n)m - 2r], 
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and for i — 1, 2, . . . , n — 1, 

Oi = (2 - n)(A - n - 2r + 6)(A - n - m + r + 2) - (2 - n)(A - n - m + r + 3)ft 
= (2-n)[(\-n-m + r + 2)(A - n - 2r + 6 - ft) - ft]. 

Then 

|£| = (2-n) n [(A-2n-m + r + 2)(A-n-4r + 6) + (4 - n)m - 2r] 

n-l 

Q[(A - n - m + r + 2) (A - n - 2r + 6 - qi) - g*], 
i=i 

and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 6.8 

f(X,G ++ -) = [(X-m-r)(X-n-4r + Q) + (4-n)m-2r}(X-n-2r + Q) m - n 
]~[[(X - m + r - g;)(A - n - 2r + 6 - g^) - 



i=i 



/(A,G- + -) = [(A-n-4r + 6)(A-2n-m + 3r + 2) + (4 - ra)m - 2r] 
(A - n - 2r + 6) m ~™ 

n-l 

JJ[(A - m - n + r + 2 + ft)(A - w - 2r + 6 - ft) - ft]. 
i=i 

Theorem 6.9 

/(A,^ 1 — ) = [(A-n-2m + 4r)(A-2n-m + r + 2) + (4 - ra)m - 2r] 
(X-n-m + 2r) m ~ n 

n-l 

Y[[(X - n - m + r + 2)(A - n - m + 2r + ft) - ft]. 

i=i 

Proof. Obviously, 



A(G 1 ~ 



J n I n Jam Ft 1 / Jnm 



"Ann -^m A{G ) y y </mn -R <-^m "I - -^m -R 
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and 

[n + m — r — 1)4 

(n + m -2r - 1)I„ 



D{G 1 
Then 

/(A, G 1 

Let 

M = 



(X-n-m + r + 2)4 - J n R- J nm 

R T - Jmn (A — ra — to + 2r)I m - J m + R T R 



(A - n - to + r + 2)I n - J n R - J nm 

R T -Jmn (\ — n — m + 2r)I m - J m + R T R 

Then /(AjG 1 ) = \M\. Note that R T J nm = 2J m . Hence multiplying the first row 
of the block matrix M by — R T and adding the result to the second row of M, we 
obtain a new matrix 



Mi 

Let 



(\-n-m + r + 2)I n - J n R-J nm 
(n + m — A — r — 1)R T + J mn (A — n — m + 2r)I m + J„ 



(X-n-m + r + 2)I n - J n R - J nm 

M 2 = | (2 - n)(n + m - A - r - l)i? T 

+ (2 — n)J mn (2 — n)(A — n — to + 2r)I m + (2 — n)J„ 

Clearly, |M 2 | = (2 - n)- m |Mi| = (2 - n)- m \M\ and /(A, G 1 ) = |Mi| = (2 - 
n)~ m |M 2 |. Obviously, J mn R = 2J m and J mn Jnm = nJ m . Thus multiplying the first 
row of the block matrix M" by —J mn and adding the result to the second row of M 2 , 
we obtain a new matrix 



(A-n-m + r + 2) J n - J n R- J nm 

(2 — n){n + to — A — r — l)i? T + (ra + m — A — r)J mn (2 — n)(A — n — to + 2r)/„ 



Clearly, |M 3 | = |M 2 |, f{\,G l ) = (2 — n) m |M 3 |, and it is sufficient to prove our 
claim for A / n + m - 2r. By Lemma | 



|M 3 | = (2 - n) m " n (A - n - m + 2r) m - n \B\, 

where 

B = (2 - n)(X - n - m + 2r)(A - n - to + r + 2)4 - (2 - n)(A - n - m + 2r)J„ 
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— (R — J nm )((2 — n)(n + m — X — r — l)i? T + (n + m — A — r)J mn ) 

= (2 — n)(A — n — m + 2r)(A — n — m + r + 2)J„ — (2 — n)(n + m — A — r — 1)Q 

— (2 — n)(A — n — m + 2r)J n + (m + nX + nr + 2n — X — r — n 2 — nm — 2)rJ n 
+(n + m — A — r)mJ n . 

Thus 

/(A, G 1 ) = (2 - n)- n (A - n - m + 2r) m " n |fi|. 



By Lemma [2.11 the eigenvalues of B are 

a n = (2 — 77.) (A — n — m + 2r) (A — n — m + r + 2) — (2 — n) (n + m — A — r — l)2r 
— (2 — n)(A — n — m + 2r)n + (m + nA + nr + 2n — A — r — n 2 — nm — 2)rn 
+(n + m — A — r)mn 
= (2 - n) [(A - n - 2m + 4r) (A - 2n - m + r + 2) + (4 - n)m - 2r] , 

and 

(jj = (2 — n) (A — n — m + 2r) (A — n — m + r + 2) — (2 — n) (n + m — A — r — 
= (2 — n) [(A — n — m + r + 2) (A — n — m + 2r + — gj] 

for 7 = 1,2, . . . , n — 1. Then 

\B\ = (2 - n) n [(\ - n - 2m + 4r)(A - 2n - m + r + 2) + (4 - n)m - 2r] 

n-1 

]^J[(A — n — m + r + 2) (A — n — m + 2r + qj) — qi\, 

and thus the result follows. □ 

Similarly, we have the following theorem. 
Theorem 6.10 

f(\,G + ~~) = [(A - m - r)(A - n - 2m + 4r) + (4 - n)m - 2r\ 
(X — n — m + 2r) m ~ n 

n-1 



JT[(A — n — m + 2r + qi)(X + r — m — qi) — q t 



i=l 
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Theorem 6.11 

/(A, G ) = (A-2n-2m + 4r + 2)(A + 3r-n-m)(A + 2r-72-m) m - n 

n-1 

Y\ [(A - n - m + r + ft + 2) (A + 2r - n - m + ft) - ft] . 



i=l 



Proof. Note that G is the complement of and is 2 r- regular. By 

Lemma [2.31 and Theorem 15.51 



. m+n _ 1 A-2m-2n + 2 + 4r < 



_ — ! ( n + m _ 2 - A - 4r)(n + m - A - 3r) 

n + m — 2 — A — 4r 



+ n — A- 2r) m_n JT[(n + m - A - r - ^ - 2)(n + m - A - 2r - ft) - q { 



n-1 

(/// 

8=1 

= (A - 2ra - 2m + 4r + 2)(A + 3r - n - m)(A + 2r - n - m) m ~ n 

n-1 

[(A - n - m + r + ft + 2) (A + 2r - n - m + ft) - ft] , 

i=i 

as desired. □ 
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